We report on new electromagnetic modes in space-time modulated dispersion-engineered media. These modes exhibit unusual dispersion relation, field profile and scattering properties. They are generated by coupled codirectional space-time harmonic pairs, and occur in space-time periodic media whose constituent materials exhibit specific dispersion. Excitation of a slab of such a medium with subluminal modulation results in periodic transfer of energy between the incident frequency and a frequency shifted by a multiple of the modulation frequency, whereas superluminal modulation generates exponentially growing frequencies. These modes may find applications in optical mixers, terahertz sources and other optical devices. [5, 6] . They represent electromagnetic media whose constitutive parameters vary periodically in time [5, 6] . Their vertical bandgaps describe instabilities [7, 8] , where the amplitude of electromagnetic waves grow/decay exponentially, i.e. with e ±ωt time dependence, everywhere in space.
Periodic structures are an essential part of modern photonic and microwave technologies. Electromagnetic bandgaps emerging from such structures play a crucial role in many applications, including photonic crystal waveguides [1] , filters [2] , fiber gratings [3] , etc. These bandgaps support evanescent electromagnetic modes characterized by complex propagation numbers i.e. exponential decay in space [1] .
The temporal counterparts [4] of conventional photonic crystals, termed temporal photonic crystals, have been shown to exhibit complex frequencies or vertical bandgaps, as opposed to horizontal bandgaps in spatial photonic crystals [5, 6] . They represent electromagnetic media whose constitutive parameters vary periodically in time [5, 6] . Their vertical bandgaps describe instabilities [7, 8] , where the amplitude of electromagnetic waves grow/decay exponentially, i.e. with e ±ωt time dependence, everywhere in space.
Combining both time and space modulations allows one to control not only the orientation -horizontal or vertical -of the bandgaps but also their oblique alignment [9] [10] [11] . Subluminal space-time modulated structures, where the phase velocity of the modulation (v m ) is smaller than the velocity of light in the background medium (v b ), support obliquely aligned horizontally oriented bandgaps, whereas superluminal space-time modulated with v m > v b support obliquely aligned vertically oriented bandgaps [11] .
This paper considers periodic space-time modulated media composed of dispersive materials. It shows that the addition of dispersion to space-time modulation brings about a unique diversity of electromagnetic modes. Particularly, such a medium can support new modes with dispersion, field and scattering properties that are radically different from those accessible in conventional or space-time periodic media composed of nondisperive materials.
Consider first the case space-time periodic media composed of nondisperive materials. The corresponding permittivity may be written as
where r is the permittivity of the nondispersive background medium, M is the modulation depth and f per (.) is a periodic function with period 2π. The dispersion relation of the nondispersive background medium ( r ) is plotted in green in Fig. 1(a) . Electromagnetic waves in the modulated medium can be expressed in the FloquetBloch form [9] [10] [11] E(r, t) = e j(ωt−βz)
It can be shown from the Fourier expansion in (2) that dispersion curves are periodic along the vector p m = β mβ + ω mω [9] . Typical dispersion curves for a vanishingly small modulation depth (M → 0) are plotted in Fig. 1(a) . Since the green lines are solutions to dispersion relations in this limit, the rest of the dispersion diagram is obtained by periodically shifting the background dispersion line along p m . This provides an accurate estimation of the dispersion curves everywhere except at the points where these shifted curves, or space-time harmonics, intersect. The two space-time harmonics forming such intersections are phase matched and hence strongly couple to one another. For a nondispersive background medium, such couplings involve a forward harmonic and a backward harmonic, as emphasized by the circle in Fig. 1(a) . In the case of subluminal modulation, as in Fig. 1(a) , the resulting forward-backward coupling generates evanescent modes, with complex β corresponding to horizontally oriented gaps, as shown in the inset. For a superluminal modulation, the forward-backward coupling between space-time harmonics generates unstable modes, with complex ω corresponding to vertically oriented gaps (inset of Fig. 1 coupling between space-time harmonics is possible, as illustrated in the inset of Fig. 1 . In contrast, if the background medium is dispersion-engineered, as in Fig. 1 (b), then it is possible to produce codirectional, forward-forward (emphasized by the circle) or backwardbackward, coupling harmonic pairs. This paper investigates such scenarios in a space-time periodic dispersionengineered medium with Lorentz background material dispersion, and the resulting unusual electromagnetic modes emerging from such codirectional couplings for both subluminal and superluminal modulations.
The background material in the dispersive-background medium is described by the following relative Lorentz permittivity
where ω r is the Lorentz resonance frequency,
is the plasma frequency, γ is the relaxation rate and n a is the molecular (atomic) density of the material. We assume that the material density is spatio-temporally modulated as
which may be practically achieved by a modulated laser in a nonlinear material or an acoustic wave in an acoustooptic material.
To find the electromagnetic modes in this medium, equations
which are the wave equation, the displacement field equation and the classical Newton equation for a Lorentz medium [12] , respectively, are solved self-consistently. The solution of the problem is found by expressing all the field quantities in these equations in terms of the space-time Floquet-Bloch expansion
where Ψ = E, P, D, and Ψ n = E n , P n , D n are complex constants, and the space-time dispersive curves may be written as
Consider, as an example, a lossless Lorentz medium with normalized parameters ω p /ω r = 0.6 and γ/ω r → 0 (lossless). The background material density is modulated as in (4), with spatial and temporal modulation frequencies β m = 0.8673ω r /c and ω m = 0.18ω r , respectively. The corresponding dispersion curves are plotted in Fig. 2 for an M → 0, where the crossing (or phase matched) spacetime harmonics n = 0 and n = +1 is emphasized by a circle. In the case of a finite nonzero modulation depth, these space-time harmonics couple to each other as a result of phase matching. The dispersion relation and electromagnetic fields of the modes emerging from such forwardforward (FF) coupling are computed in [13] as
where the subscripts 'A' and 'S' stand for "additive" and "subtractive", respectively, in reference with the signs in (9), and are plotted in Fig. 3 for M = 0.01. These modes have purely real, but slightly distinct, wavenumbers, and contain the frequencies of the coupled spacetime harmonics at the crossing point, i.e. e jω0t for their green part and e j(ω0+ωm)t for their red part [Eq. (8)]. Therefore, their temporal spectrum consists of two frequencies, ω 0 and ω 1 = ω 0 + N ω m , where N is the index difference between the crossing space-time harmonics (N = 1 in Fig. 2 ). The consequence of such dispersion relations and field profiles will be explained later when electromagnetic scattering from such media will be discussed. (E A +E S )). The imaginary parts are zero.
Next consider a superluminal modulation for a lossless Lorentz medium with the same background parameters as in the subluminal case (ω p /ω r = 0.6 and γ/ω r = 0). The density of the medium is again modulated as in (4) but with the superluminal spatial-temporal modulation [β m , ω m ] = [0.0724ω r /c, 0.64ω r ]. The corresponding dispersion curves are plotted in Fig. 4 for M → 0, where the crossing (or phase matched) space-time harmonics n = 0 and n = +1 is emphasized by a circle. In the case of a finite modulation depth, these space-time harmonics couple to each other as a result of phase matching. The dispersion relation and electromagnetic fields of the modes emerging from such forward-forward (FF) coupling are computed in [13] as
where the subscripts 'G' and 'D' stand for "growing" and "decaying", respectively, and are plotted in wavenumbers, β G = β + jα and β D = β − jα, corresponding to exponentially growing and decaying modes along z, respectively. As in the subluminal case, their temporal spectrum consists of the two frequencies ω 0 and ω 0 + N ω m where N is the index difference between the crossing space-time harmonics. In contrast to evanescent modes in conventional (purely spatial) photonic crystals, which also form a complex conjugate pair, these modes carry real power with Poynting vector positive for both E G and E D , i.e. both modes correspond to forward propagation (along +z) and can be excited by a copropagating incident wave.
FIG. 5. Dispersion diagram at the crossing circled in Fig. 4 for a finite modulation depth M = 0.01. The solid curves represent the real parts. The dashed curves represent the imaginary parts and the insets show the field profiles for growing (E G ) and decaying (E D ) fields, as well as their superposition (
Next a slab of a space-time periodic Lorentz material is excited by a plane wave, and reflected and transmitted fields as well as the modes excited inside the slab are computed using the full-wave mode matching technique [13] . This technique provides a great deal of physical insight into the physics of the system since it provides exact information on the contribution of the unbounded slab contributing to the different waves. Moreover, it is immune of most of the numerical errors that plague other full-wave numerical techniques, such as numerical dispersion error, and errors associated with absorbing boundary conditions and excitation models.
In the subluminal case, the incident wave must be matched to the additive and subtractive modes (9) in order to excite them effectively. Note that at z = 0, the superposition of the two modes, E = 1 2 (E A + E S ) = ae jω0t , include only the frequency ω 0 and, since β A ≈ β S ≈ β 0 , an incident plane wave E i =xe j(ω0t−β0z) is well matched to E = 1 2 (E A + E S ) and excites E A and E S equally. Therefore, the incident medium should either have the permittivity r1 = (ω 0 /cβ 0 ) 2 or be matched to such a permittivity through a matching section, in order to excite these modes efficiently. Figure 6 shows the spectrum of the field transmitted through the slab versus its length, for a slab with subluminal space-time modulated Lorentz medium in Fig. 3 excited by a plane wave E i =xe j(ω0t−β0z) . Note that electromagnetic energy is periodically transferred between the harmonics at ω 0 and ω 0 + ω m , while the rest of the harmonics are more than 50 dB weaker. At the coherence length, a maximum of energy, possibly with gain due the energy of the modulation, is transferred to the ω 0 + ω m harmonic, without any undesirable intermodulation effects, in contrast to what occurs in conventional modulators or mixers. This process is similar to energy exchange between two forward coupled waveguides. Since the additive and subtractive modes in (9) have a slightly different propagation constant, their harmonics at ω 0 acquire some gradual phase mismatch as they propagate along the structure, until they completely fall out of phase at the coherence length, while their harmonics at ω 0 + ω m arrive in phase at the coherence length, and the process is next reversed, and repeated periodically. Note that similar transitions may occur between different states of a space-time modulated photonic crystal, termed interband photonic transitions in the photonics literature in analogy to electronics [14, 15] . In this sense, the transitions in Fig. 6 may be called intraband photonic transitions.
As in the subluminal case, in the superluminal spacetime modulated dispersion engineered medium shown in Fig. 5 , an incident wave at frequency ω 0 excites both the growing and decaying modes. more than 60 dB weaker. The growing mode E G dominates the exponentially decaying mode E D as the length of the slab is increased, and since the growing mode contains both harmonics at ω 0 and ω 0 +ω m , these harmonics grow exponentially and are transmitted when they reach the other end of the slab. The reported unusual electromagnetic modes may find applications in efficient harmonic generators and perfect mixers as they provide unprecedented control over the generation of electromagnetic harmonics without undesired intermodulation effects. Moreover, since the generated harmonics are exponentially amplified, such modes can be used to produce electromagnetic sources in frequency ranges that are not easily accessible, such as terahertz gap.
